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1 Abstract

The thesis discusses approximate analytical solutions of some problems of

current interest in two phase flow system through homogeneous as well as

heterogeneous porous media. The mathematical formulations of the phys-

ical phenomena lead to the non-linear partial differential equations whose

approximate analytical solutions are obtained using optimal homotopy anal-

ysis method with appropriate conditions.

Theoretical and applied research in flow in porous media has received

increased attention during past four decades. This is due to the importance

of this research area in many engineering applications. Significant advances

have been made in modelling fluid flow through porous medium including

clarification of several important physical phenomena. Especially the massive

growth in the desire for petroleum has pushed the development forward,

and helped to increase our knowledge on the field. In parallel the growing

interest for oil reservoirs was the invention of the computer and advances in

information technology. The combination of better knowledge of the physics

and stronger computer power has given us the ability to create complex

conceptual models and develop them into mathematical models which we

can simulate on a computer. This has lead to a better understanding of

the complicated physical processes that occur, and a more efficient way of

gathering the massive resources that lie beneath the ground and sea, both in

terms of petroleum and geothermal energy.

Several conceptual models for flow in porous media has been proposed over

the years. We investigate a selection of these models, by starting with the
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basics of porous media. We study six different models in detail and solve

them approximately.

The mathematical models are formulated with suitable boundary condi-

tions to predict the injected water saturation distribution patterns in finite

aquifers. These mathematical models are solved using optimal homotopy

analysis method which gives approximate analytical solution of the problem.

We can summaries the work done in the present thesis in the form of various

chapters. Chapter ONE deals with the general introduction of the thesis.

Chapter TWO discusses the fundamentals of the fluid flow through porous

media and the description of the optimal homotopy analysis method. Chap-

ter THREE deals with the mathematical model of immiscible displacement in

homogeneous porous media with capillary pressure effects known as fingering

phenomenon. The solution of the resulting nonlinear partial differential equa-

tion is obtained under suitable conditions using the optimal homotopy anal-

ysis method. Chapter FOUR and FIVE deals with one-dimensional fingero-

imbibition phenomenon in homogeneous porous medium without and with

the involvement of magnetic fluid with the injected water. The saturation

profiles and numerical values are obtained for the injected water saturation

corresponding to the optimal homotopy approximations in both cases. Chap-

ter SIX discusses the analysis of cocurrent imbibition phenomenon in inclined

homogeneous porous medium and chapter SEVEN investigates mathemat-

ically the counter-current imbibition phenomenon in heterogeneous porous

medium and the saturation rate of wetting phase is calculated. Chapter

EIGHT deals with the advection-dispersion phenomenon arising in ground-

water contaminant transport. The contaminant concentration profiles are
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plotted using mathematica.

2 Brief description on the state of the art of

the research topic

The origin of mathematical study of fluid flow through porous media goes to

the credit of the French hydraulic engineer, Henry Darcy (1856). He, while

attempting to develop a water supply project for the city of Dijio carried out

experiments about the flow of water in pipes filled with sand and established

the relation, known as Darcy law[1] governing the movement of groundwater

in most alluvial and sedimentary formations.

The phenomenon of fingering occurs in displacement processes encoun-

tered in petroleum recovery and hence has gained much importance for fur-

ther study. Scheidegger[15] has obtained condition for fingering by assuming

the Muskat-Aronofsky model of oil water displacement. Due to the complex-

ity of the problem, no substantial progress could be made till Scheidegger

and Johnson[16] introduced a statistical treatment of fingering phenomenon,

in which average cross-sectional area occupied by fingers was considered and

individual sizes and shapes of fingers were disregarded.

Another phenomenon of current interest is that of imbibition in porous

media. Such a phenomenon has been formally discussed by many; particular

mention is made of Graham and Richardson[4]. Attempts have been made

by Verma to discuss it analytically. Verma[18] has suggested that under

certain conditions the phenomenon of fingering and imbibition may occur si-
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multaneously in displacement processes provided that displacing (invading)

fluid is preferentially wetting and less viscous. This phenomenon, he called

as Fingero-Imbibition. Mishra and Verma [13] have obtained an analytical

expression for phase saturation by using similarity analysis. Mehta has ob-

tained the saturation of the wetting phase which represents the average cross

sectional area occupied by the fingers.

Experimental study of cocurrent and counter-current flows in natural porous

media is done by Bourblaux and Kalaydjian[3].

Pooladi-Darvish and Firoozabadi[14] constructed numerical solutions for

one-dimensional counter-current flow. Behbahani et al.[2] simulated the

counter-current imbibition in fractured reservoir and gained a good match

with experimental data.

Ogata has presented various analytical solution for dispersion problems

within semi-infinite adsorbing porous media in unidirectional steady flow

fields.The dispersion systems are subject to constant input concentrations.

3 Definition of the Problem

Mathematical studies of fluid flow in porous media have been treated by

many researchers. A general model for the two-phase immiscible fluid flow

in porous media is presented which is applicable (under specific assumption)

to describe water saturation. In each case the governing equations are formu-

lated at the Darcy scale, using the capillary pressure-saturation relationship

and an empirical extension of the Darcy equation for the multiphase flow.
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The validity of these concepts, and the models based on them, is a subject

of ongoing scientific debate, due to unclear connections between the pore-

scale and Darcy-scale physical quantities. Nevertheless, the models to be

constructed here can be used to simulate many practical cases of multiphase

flow in the subsurface with sufficient accuracy. Therefore, I have assumed as

the starting point for the analysis presented in this research work. The two

phase flow model considered here is based on the following assumptions: 1.

Pore air and pore water are single-component fluids. 2. There is no mass

transfer between two phases. 3. The flow is isothermal. 4. The solid phase

is materially incompressible and does not react with the pore fluids. 6. The

solid skeleton is rigid. 7. The flow of each fluid can be described by the

extended Darcy formula including the relative permeability coefficient.

4 Objective and Scope of work

The main objective of the present work is to find the approximate analyt-

ical solutions of the mathematical models arising during the secondary oil

recovery process by the optimal homotopy analysis method.[5, 6, 7, 8, 10, 9,

11, 12].The goal is to obtain the saturation distribution of the injected water

which may help to predict the amount of oil recoverd. The other objective is

to check the convergence of the approximate analytical solution by selecting

the appropriate convergence-control parameter corresponding to the mini-

mum value of the discrete squared residual.[19, 10, 17]

The solutions are obtained for one dimensional mathematical models which

can be extended for two and three dimensional models.The fluids are as-
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sumed to be incompressible so the work can be done for compressible flu-

ids also. The optimal homotopy approximations are obtained for only one

convergence-control parameters which we can obtain for more than one pa-

rameters also.

5 Original contribution by the thesis

The thesis is aimed to obtain the solution of one dimensional mathematical

models arising in fluid flow through porous media by the optimal homotopy

analysis method. The approximate analytical expressions are obtained for

the saturation of injected water as a function of space and temporal variables.

The convergence of these approximate solutions is obtained by selecting the

proper values of convergence-control parameters corresponding to the mini-

mum discrete squared residul of the governing equations. The concentration

distribution behaviour of contaminants in solute-transport mechanism is de-

picted by an analytical solution of advection-dispersion equation along un-

steady groundwater flow in heterogeneous finite aquifer with time-dependent

source of contaminants. The velocity of groundwater is considered as a func-

tion of position.

6 Methodology of Research and Results/Comparisons

We started our work by studying the physics of flow through porous media

and referred various articals related to the oil-water immiscible displacement

processes and also the papers related to the solute transport miscible dis-
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placement processes. The survey of this literature helped us to define the

goal of the research. We have obtained the approximate analytical series

solutions of nonlinear partial differential equations arising during oil recov-

ery process with appropriate conditions using optimal homotopy analysis

method[5, 6, 7]. The original nonlinear problem is converted into an infi-

nite number of linear subproblems by establishing a homotopy between the

chosen initial solution and the exact solution. The solution of each linear sub-

problem provided the homotopy approximation for the saturation of injected

water. The convergence of these homotopy approximations depend on the

proper choice of convergence-control parameters which are obtained by min-

imizing the discrete squared residual of governing equation. We have used

Mathematica BVPh package for nonlinear boundary value problems[11]. It

is a combination of the optimal homotopy analysis method and the computer

algebra system Mathematica, and provides us a convenient analytic tool to

solve many nonlinear boundary value problems. The numerical values for

the saturation of water are obtained and the saturation profiles of water are

ploted. Also the advection-dispersion equation with variable coefficients is

solved to obtain the concentration distribution of dissolved contaminant with

respect to appropriate conditions.

7 Achievements with respect to objectives

The mathematical models of fluid flow through porous media are studied in

detail and their approximate analytical solutions are obtained under appro-
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priate conditions using optimal homotopy analysis method. The convergence

of series solutions is guaranteed by selecting appropriate convergence-control

parameter. The following models are studied and solved:

• The fingering phenomenon in homogeneous porous medium

• Fingero-imbibition phenomenon in homogeneous porous medium with

and without the involvement of magnetic fluid.

• Cocurrent imbibition phenomenon in homogeneous porous medium with

the effect of inclination.

• Counter-current imbibition phenomenon in heterogeneous porous medium.

• Advection-dispersion phenomenon with time-dependent input concen-

tration.

8 Conclusion

Fluid flow through porous media can be modelled in a variety of ways. Choos-

ing the right model is a difficult task that depends on the geological properties

and the demand for accuracy and computational efficiency. From the numer-

ous conceptual phenomena described in the literature, we have picked out
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some of the most common ones, at which we have taken a closer look: Finger-

ing phenomenon, Fingero-imbibition phenomenon, Co-current and Counter-

current imbibition and advection-dispersion phenomenon.

We have obtained the approximate analytical solutions of these models un-

der appropriate conditions using optimal homotopy analysis method. To

assure the convergence of series solution, the optimal value of convergence-

control parameter is obtained by minimization of discrete squared residual

of governing equation. The numerical values are obtained for the saturation

of injected water from the corresponding approximate series solution. The

saturation profiles are plotted for the injected fluid. The solutions can be

useful to determine the amount of water required for injection and for the

prediction of oil recovered. Also we have obtained the concentration distri-

bution of dissolved contaminant for the advection-dispersion equation with

variable coefficients.This type of solution is helpful to determine the spread

of contaminant in groundwater.
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